Multiple crack problems for a torsion thin-walled cylinder are studied in this article. The boundary value problem is reduced to the solution of a Dirichlet problem of the Laplace equation. For the considered doubly connected region, a constant k is involved in the boundary condition which is determined by the single-valuedness condition of the warping function. The finite difference method is suggested to solve the Dirichlet problem. The torsion rigidity coefficient can be evaluated numerically. The inverse of the torsion rigidity coefficient is known as the compliance coefficient. With the knowledge of the compliance coefficient, the stress intensity factor (SIF) can be evaluated. Numerical examples are given to demonstrate the use of the proposed method. Interaction effects between the cracks are also investigated. ᭧
Introduction
Crack problems for the torsion bar have been studied by several investigators [1] [2] [3] . The torsion crack problem for a circular section bar was investigated by using the complex variable function method [1] . By using the integral equation approach, the torsion crack problem of a rectangular section was solved [2] . The harmonic function continuation technique was suggested to solve the torsion crack problem of a rectangular section [3] . It is felt that the previously suggested technique cannot be directly used to solve the multiple crack problem for a torsion thin-walled cylinder.
In this article, multiple crack problems for torsion thinwalled cylinder are investigated. The relevant boundary value problem is reduced to solve the Dirichlet problem of the Laplace equation. For the considered doubly connected region, a constant k is involved in the boundary condition which is determined by the single-valuedness condition of the warping function. The finite difference method is suggested to solve the Dirichlet problem, and the torsion rigidity coefficient J can be easily evaluated by using the numerical integration. The inverse of the torsion rigidity coefficient is known as the compliance coefficient C ( 1/J), which is the function of the crack length a. With the knowledge of the function C(a), the stress intensity factor (SIF) can be finally evaluated. In this article, the method is referred to as the computing compliance method. Finally, numerical examples are given to demonstrate the proposed method.
Analysis
It is well known that, for the torsion problem with a section as shown in Fig. 1(a) , the governing equation in terms of the conjugate harmonic function c(x,y) takes the form [4, p. 171]
where L 1 (L 2 ) denotes the inner (outer) boundary of the section, and k is a constant involved in the solution for multiple-connected region case ( Fig. 1(a) ). The constant k will be determined by the single-value condition of the warping function, and takes the form [4, 5] s
where L is any closed path between the paths L 1 and L 2 , and the direction for (n) and (s) has been indicated in Fig. 1(a) . After the boundary value problem is solved, the torsion rigidity coefficient can be obtained as follows [4, 5] 
where S denotes the region occupied by the cracked cylinder, and b is the inner radius of the cylinder ( Fig. 1(a) ). An appropriate solution technique was suggested previously [5] in which, we assumed cx; y Fx; y ϩ KGx; y: 5
In this case, the boundary value problem can be reduced to solve two individual problems for the functions F(x,y) and G(x,y)
After the functions F(x,y), G(x,y) are obtained from the numerical solution, substituting Eq. (5) To solve the boundary value problem shown by Eqs. (6), (7a) and (7b), the finite difference method is used. In fact, we solve the problem in the polar coordinate system (r, u) ( Fig. 1(b) ). In this case, the Laplace equation (6) becomes
From Eq. (14) we have the following approximation at the vicinity of the central node ( Fig. 1(b) )
(at the vicinity of central node) where
denote the values of the function F(x,y) at the relevant nodes ( Fig. 1(b) ). In addition, from Eq. (15) we have
16
(at the vicinity of the central node). Therefore, an algebraic equation is obtainable, in which the node point values of the function F(x,y) are the unknowns. The algebraic equation is solved by using the Siedel iteration procedure [6] . The boundary value problem shown by Eqs. (8), (9a) and(9b) can be solved in a similar manner. After the functions F(x,y) and G(x,y) are obtained from the numerical solution, the integrals (11a), (11b), (13a) and (13b) can also be evaluated numerically. Finally, the torsion rigidity coefficient J is obtainable. In this article, the inverse of the torsion rigidity coefficient is defined as the compliance coefficient C 1=J: 17 In this case, J and C can be considered as functions of the crack length a. By using the computing compliance method, the SIFs at the crack tip can be expressed by [3]
where M is the torque applied at the end of cylinder, and N the number of cracks.
For the cracked thin-walled cylinder with the inner cracks (Fig. 2) , the relevant problem can be solved in a similar manner.
Numerical examples
Numerical examples are present in order to provide some new results, and to determine the interaction between cracks. In the case of cracks at the outer boundary, the boundary value problem is solved in the region (0 Յ u Յ p/N, b Յ r Յ R) ( Fig. 1(a) ). The regions are divided into 40 × 40 meshes. The Seidel iteration method is used to solve the algebraic equation [6] . The computation is straightforward and will not be cited in detail. In the examples, the ratio b/R is chosen as two cases 0.8 and 0.9, the number of cracks is changed from N 1, 2, 4 to 10, and the ratio a/t is changed from 0.1, 0.2 to 0.9.
The final calculated results for the torsional rigidity coefficient, the SIF at the crack tip are expressed, respectively, by: J Aa=t; b=R; NR 4 ; 19
where M is the torque applied at the ends of the bar, and N the number of cracks. The obtained numerical results for A Fig. 2 . A thin-walled cylinder with multiple cracks at the inner boundary. Table 1 Normalized torsion rigidity coefficient factor A(a/t, b/R, N) for torsion a thin-walled cylinder with cracks at the outer boundary (see Fig. 1(a) and (19) Table 2 Normalized SIFs B(a/t, b/R, N) at the crack tip for torsion thin-walled cylinder with cracks at outer boundary (see Fig. 1(a) and (20) (a/t, b/R,N), B(a/t, b/R,N) are listed in Table 1 and Table 2 and in Fig. 3, and Fig. 4 , respectively. Interaction of cracks can be found from the present results. From Fig. 4 we see that, generally, in the same conditions of a/t and b/R, if the number (N) of cracks is larger, then the SIF at the crack tip becomes lower. This phenomenon was also observed in [7] .
In the case of cracks at the inner boundary (Fig. 2) , a Fig. 3 . Normalized torsion rigidity coefficients A (a/t, b/R, N) (see Fig. 1 (a) and (19) ). Table 3 Normalized torsion rigidity coefficient factor D(a/t, b/R, N) for torsion thin-walled cylinder with cracks at inner boundary (see Fig. 2 and (21) Table 3 and Table 4 respectively. From Table 2 and Table 4 we see that, for the same conditions of a/t, b/R and N, when a/t Յ 0.5 the SIFs are slightly higher for the outer crack case.
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Remarks
It is proved that the finite difference method for solving the boundary value problem and the computing compliance technique for evaluating the SIF provide an effective way to solve the torsion problem of a thin-walled cylinder with many cracks. The iteration for obtaining the solution of the algebraic equation is easy in computation. Also, as the computing compliance method was used to evaluate the SIF, the demand for the function F(x,y) and G(x,y) at the vicinity of the crack tip is not serious. Table 4 Normalized SIFs E(t/a, b/R, N) at the crack tip for torsion thin-walled cylinder with cracks at inner boundary (see Fig. 2 
